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Abstract 

We verify a conjecture of Lutwak, Yang, Zhang about the equahty 
case in the OrHcz-Petty projection inequahty, and provide an essen- 
tially optimal stability version. 

The Petty projection inequality (Theorem [T]), its Lp extension, and its 
analytic counterparts, the Zhang-Sobolev inequality [39] and its Lp exten- 
sion A. Cianchi, E. Lutwak, D. Yang, G. Zhang [71 [28], are fundamental 
afRne isoperimetric and affine analytic inequalities (see in addition, e.g., D. 
Alonso-Gutierrez, J. Bastero, J. Bernues [1], R.J. Gardner, G. Zhang [12], 
C. Haberl, F.E. Schuster [HED], C. Haberl, F.E. Schuster, J. Xio [21], E. 
Lutwak, D. Yang, G. Zhang [23 [291 [3D], M. Ludwig ESlIll], M. Schmucken- 
schlager F.E. Schuster, T. Wannnerer [37], J. Xiao [HH]). The notion of 
projection body and its Lp extension have found their natural context in E. 
Lutwak, D. Yang, G. Zhang [30], where the authors introduced the concept 
of Orlicz projection body. The fundamental result of [30] is the Orlicz-Petty 
projection inequality. The goal of this paper is to strengthen this latter in- 
equality extending the method of E. Lutwak, D. Yang, G. Zhang [30] based 
on Steiner symmetrization. 

Stability versions of sharp geometric inequalities have been around since 
the days of Minkowski, see the survey paper by H. Groemer [15] about de- 
velopments until the early 1990s. Recently essentially optimal results were 
obtained by N. Fusco, F. Maggi, A. Pratelli jllj concerning the isoperimet- 
ric inequality, and by A. Figalli, F. Maggi, A. Pratelli \U\ and [TU] for the 
Brunn- Minkowski inequality, see F. Maggi [31] for a survey of their meth- 
ods. In these papers, stability is understood in terms volume difference of 
normalised convex bodies. Here we follow J. Bourgain and J. Lindenstrauss 
[5], who used the so called Banach-Mazur distance for their result ^ about 
projection bodies quoted below. 



We write o to denote the origin in M", u-v to denote the scalar product of 
the vectors u and v, % to denote the (n — l)-dimensional Hausdorff measure, 
and [Xi, . . . , Xk] to denote the convex hull of the sets Xi, . . . , X^ in M"'. For 
a non-zero u in W^, let u-^ be the orthogonal linear (n — l)-subspace, and 
let TTu denote the orthogonal projection onto u"*". In addition, let 5" be the 
Euclidean unit ball, and let k„ be its volume. For x £ M", ||2;|| denotes the 
Euclidean norm. We write AAB to denote the symmetric difference of the 
sets A and B. 

Throughout this article, a convex body in M" is a compact convex set 
with non-empty interior. In addition, we write /C" to denote the set of 
convex bodies in M" that contain the origin in their interiors. For a convex 
body K in M", let hxiu) = ^SiXx^K x ■ u denote the support function of K 
at M G M", and let K* be be the polar of K, defined by 



Let Sk be the surface area measure of K on S""^ . That is, if a is an 
open subset of S""^, then Sxicr) is the (n — l)-dimensional Hausdorff- 
measure of all x G dK, where there exists an exterior unit normal lying 
in a. Minkowski's projection body UK is the o-symmetric convex body 
whose support function is 



We write U*K to denote the polar of UK, and note that V{U* K)V{K)"-^^ 
is invariant under affine transformations of M" (see E. Lutwak |25j ) . Petty 's 
projection inequality can now be stated as follows. 

Theorem 1 (Petty) If K is a convex body in M", then 



with equality if and only if K is an ellipsoid. 

To define the Orlicz projection body introduced by E. Lutwak, D. Yang, 
G. Zhang [30], we write C to denote the set of convex functions (/9 : M — )• 
[0, oo) such that ip{0) = 0, and (p{—t) + ip{t) > for t 7^ 0. In particular. 



K* ={u£W : hxiu) < 1}. 




V{U*K)V{K) 



n— 1 



^ (^n/ l^n—l) ) 




either strictly montone increasig on (— cxd, 0] 
or strictly montone decreasig on [0, cxd). 



(1) 
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Let (/3 G C, and let K G /C". The corresponding Orlicz projection body 
HipK is defined by [30J via its support function such that if x G M"", then 

hn^Kix) = min |a > : ^ ^ { xIkh ) ^""^"^^ '^^''^'^^ " ^^(^)} " 

(2) 

Since the surface area measure of every open hemisphere is positive, ([T]) 
yields that the minimum is attained at a unique A > in (U. 

An important special case is when (p{t) = \t\P for some p > 1, and then 
HipK is the Lp projection body TipK introduced by E. Lutwak, D. Yang, G. 
Zhang [27] (using a different normalization). We note that 

hnM^y = ^7n^[ \x-w\PhK{w)'-PdSK{w). (3) 



nV{K) Js. 
In particular, if p = 1, then 

In addition, if p tends to infinity, then we may define the Loo polar projection 
body to he Kn{-K). 

Unlike Ili^-, the Orlicz projection body H^pK is not translation invariant 
for a general (p £ C, and may not be o-symmetric. However E. Lutwak, D. 
Yang, G. Zhang |3Uj verifies 

U*^AK = AU*^K holds for any A G GL(n), K £ IC]^ and if e C. (4) 

The following Orlicz projection inequality is the main result of |30] . 



Theorem 2 (Lutwak, Yang,Zhang) Let 99 G C. If K € fC^, then the 
volume ratio 

V{K) 

is maximized when K is an o-symmetric ellipsoid. If ip is strictly convex, 
then the o-symmetric ellipsoids are the only maximizers. 

If ip{t) = \t\, which is the case of the normalized classical projection body, 
then every ellipsoid is a maximizer in the Orlicz-Petty projection inequality 
Theorem [2] ( see Theorem [T]) . Thus to summarize what to expect for any 
G C, E. Lutwak, D. Yang, G. Zhang [30J conjecture that every maximizer 
is an ellipsoid. Here we confirm the conjecture. 
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Theorem 3 Letip G C. If K G /C^ maximizes the volume ratio V {U*^K) /V {K) , 
then K is an ellipsoid. 

A natural tool for stability results of affine invariant inequalities is the 
Banach-Mazur distance 5-qm{K, M) of the convex bodies K and M defined 
by 

dBuiK, M) = min{A > : K -xC $(M - y) C e^{K - x) 

for $ G GL(n), x,y e M"}. 

In particular, if K and M are o-symmetric, then x = y = a can be assumed. 
In addition, if K is o-symmetric with axial rotational symmetry around the 
line I, then 5bm{K,B''') = min{A > : E C K C XE}, where E is any 
o-symmetric ellipsoid with axial rotational symmetry around /. It follows 
for example from a theorem of F. John [22] that (5BM(-f^i -B") < Inn for any 
convex body K in M". 

We strengthen Theorem [3] as follows, where we set (p{t) = ip{—t) + ip{t) 
for ip £ C. 

Theorem 4 If (p e C and K £ IC^ with 5 = 6bm{K,B'^), then 

v(K) - 1' ^ " I'y I) v[B") ■ 

where 7 > depends on n and ip. 

Next we discuss what Theorem |4] yields for Petty 's projection inequality. 

Corollary 5 If K is a convex body in M", then 

V{irK)V{Kr~' < (1 - 7 • 5bm{K, i?")1212n) 

where 7 > depends only on n. 

The example below shows that the exponent cn for an absolute constant 
c > is of optimal order. G. Ambrus and the author [2] recently proved 
Corollary [5] with an exponent of the form cn^ instead of the optimal cn. 

Example Let K = [i?", ±(1 -|- e)v)] for some v G S"^^"^ . In this case, the 
Banach-Mazur distance from ellipsoids is at least e/2, and 
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where 70 > depends only on n. 



As a related result, J. Bourgain and J. Lindenstrauss jl] proved that if 
K and M are o-symmetric convex bodies in M", then 

6BM(nK, HM) > 7 • 6bm{K, M)"("+5)/2 (5) 

where 7 > depends only on n, and they conjectured that the optimal 
order of the exponent is cn for an absolute constant c > 0. Corollary [5] is in 
accordance with this conjecture. Actually if K and M are not o-symmetric 
then their projection bodies may coincide even if 5bm{K,M) ^ (see R. 
Schneider p^). 

If tp is strictly convex, then E. Lutwak, D. Yang, G. Zhang [30] proved 
that the o-symmetric ellipsoids are the only maximizers in the Orlicz-Petty 
projection inequality (see Theorem [2]). We prove a stability version of this 
statement for even ip. For K G /C", let 

(5gL(i^) = minjlnA > : E C K C XE for some o-symmetric ellipsoid E}. 

Since 6^^{K) becomes arbitrary large if K is translated in a way such that 
the origin gets close to dK, it is more natural to consider 

6EL{K) = mm{l,5*^j^{K)}. 

Theorem 6 Let (p £ C be even such that ip"{t) is continuous and positive 
for t>0. IfKelC^ with 5 = 5m.{K), then 

V(K) - ^ ^ V(B») • 

where 7 > depends only on n and ip. 

For the Lp projection body for p > 1, we have 

^ P ' < (1 _ ^ . ^^^^(i^)^™""^^ • ^ 



V{K) - \ ' '^^y ^ J V{B^) ■ 

Here the order of the error term gets smaller and smaller as p grows. It 
is not surprising, because 11^ (i^T) = K r\ {—K) for K E /C", and hence 
V (H'^K) /V (K) is maximized by any o-symmetric convex body K. 

Our arguments to prove Theorems [3j |4] and [6] are based on Steiner sym- 
metrization, and are variations of the method developed in E. Lutwak, D. 
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Yang, G. Zhang [30]. The novel ideas to prove Theorems [3] and |4] are to 
compare shadow boundaries in two suitable independent directions, and to 
reduce the problem to convex bodies with axial rotational symmetry around 

for a It G S^~^. In the latter case, the shadow boundaries parallel to u 
and orthogonal to u are well understood, which makes it possible to perform 
explicit caculations. 

For Theorem [4j the proof of the reduction to convex bodies with axial ro- 
tational symmetry is rather technical, so the argument for the corresponding 
statement Theorem 1141 is deferred to Section [H 

We note that W. Blaschke [3] characterized ellipsoids as the only convex 
bodies such that every shadow boundary is contained in some hyperplane. 
A stability version of this statement is proved by P.M. Gruber [17]. 

1 Some facts about convex bodies 

Unless we provide specific references, the results reviewed in this section are 
discussed in the monographs by T. Bonnesen, W. Fenchel [4], P.M. Gruber 
[T8] . and R. Schneider [35]. We note that the Loo-metric on the restriction 
of the support functions to S^~^ endows the space of convex bodies with the 
so-called Hausdorff metric. It is well-known that volume is continuous with 
respect to this metric, and Lemma 2.3 in E. Lutwak, D. Yang, G. Zhang 
|30) says that the polar Orlicz projection body is also continuous for fixed 
fee. 

We say that a convex body M in M", n > 3, is smooth if the tangent 
hyperplane is unique at every boundary point, and we say that M is strictly 
convex if every tangent hyperplane intersects M only in one point. 

Let K he a convex body in R". For v € S''^~^, let SvK denote the Steiner 
symmetral of K with respect to v-^. In particular, if f,g are the concave 
real functions on tt^K such that 

K = {y + tv:ye tt^K, -g{y) < t < f{y)}, 

then 

S,K = {y + tv:ye tt,K, \t\ < f^y^+^iv) y (g) 

Fubini's theorem yields that V{SvK) = V{K). It is known that for any 
convex body K, there is a sequence of Steiner symmetrizations whose limit 
is a ball (of volume V{K)). 

Next there exists a sequence of Steiner symmetrizations with respect to 
(n— l)-subspaces containing the line Mf such that their limit is a convex body 
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R^K whose axis of rotational symmetry is Mv. This RyK is the Schwarz 
rounding of K with respect to v. In particular a hyperplane H intersects 
int K if and only if it intersects int R^K, and ^{{H D K) = T-L{H n R^K) in 
this case. 

For our arguments, it is crucial to have a basic understanding of the 
boundaries of convex bodies. For x G dK, let Wx be a unit exterior normal 
to dK at X. The following two well-known properties are consequences of 
the fact that Lipschitz functions are almost everywhere differentiable. 

(i) Wx is uniquely determined at Ti almost all x S dK. 

(ii) The supporting hyperplane with exterior normal vector u intersects dK 

in a unique point for almost all u € 5"~^. 

The shadow boundary 'E^^k of K with respect to a u G W^\o is the 
family of all x E dK such that the line x + Mn is tangent to K. In addition 
we call the shadow boundary '^u,K thin if it contains no segment parallel to 
u. According to G. Ewald, D.G. Larman, C.A. Rogers [H], we have 

Theorem 7 (Ewald-Larman- Rogers) If K is a convex body mM", then 
the shadow boundary E^^k is thin for Ti-almost all u E 5""-*^. 

If the exterior unit normal Wx is unique at an x E dK that is not con- 
tained in the shadow boundary with respect a unit vector f , then for the 
restriction of vr^ to a neighborhood of x in dK, 

the Radon-Nikodym derivative at x is 1^; • Wx\- (7) 

If K E /C", then let qk be the radial function of K on S'"'^^, defined 
such that qk{v) v E dM for v E S^~^ . It fohows that 

V(K)=I ^^dn{w). (8) 
Js„-i n 

In addition for the polar K* of K, and v E S^~^, we have 

gK*(.v) = hK(,vy\ (9) 

We say that a convex body M is in isotropic position, if V{M) = 1, the 
centroid of M is the origin, and there exists Lm > such that 

/ {w ■ x)^ dx = Lm for any w E 5""-*^ 
Jm 
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(see A. Giannopoulos |13j . A. Giannopoulos, V.D. Milman [T3] and V.D. 
Milman, A. Pajor |32j for main properties). Any convex body K has an 
affine image M that is in isotropic position, and we set Lk = Lm- We also 
note that if E is an o-symmetric elhpsoid in M", then for any w G S^~^, we 
have 

/ {wxfdx = hEiwfV{E)'^LBn. (10) 
Je 

Let if £ C, and let K £ IC^. We collect some additional properties of the 
Orlicz projection body. The cone volume measure Vk associated to K on 
5"~^ defined by dYxiw) = ^y(j^) dSxiw) is a probability measure whose 
study was initiated by M. Gromov, V. Milman |16j (see say A. Naor [55] for 
recent applications). The definition ([2]) of Il^i^ yields (see Lemma 2.1 in E. 
Lutwak, D. Yang, G. Zhang [30j) that 

X £ U*K if and only if [ if ( ] dVxiw) < 1. (11) 

^ y^n-i \hK{w)J 

2 Characterizing the equaUty case in the Orhcz- 
Petty projection inequaUty 

Our method is an extension of the argument by E. Lutwak, D. Yang, G. 
Zhang [30] to prove the Orlicz-Petty projection inequality Theorem [2] using 
Steiner symmetrization. The core of the argument of [30| is Corollary 3.1, 
and here we also include a consequence of Corollary 3.1 in fSO] for Schwarz 
rounding. 

Lemma 8 (Lutwak,Yang, Zhang) If ip £ C, K £ /C" and v £ S^~^ , then 

In particular, V{U*^SyK) > ViW^K) and V{U*^RvK) > ViW^K). 

We recall various facts from j30j that lead to the proof of Lemma [sj 
because we need them in the sequel. We note that a concave function is 
almost everywhere differentiable on convex sets. 

Let ip £ C, let K £ /C", and let 7; be a unit vector in M". We write Wx to 
denote an exterior unit normal at some x £ dK. In addition, we frequently 
write a. x £ in the form x = {y,t) ii x = y + tv for y £ and t E M. If 
his a, concave function on 7r^(int-fC), then we define 

{h){z) = h{z) — z ■ Vh{z) for z £ 7r^(inti^) where 'Vh{z) exists. 
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If ^i,/U2 > 0, and /ii,/i2 are concave functions on TTy{mtK), then 

Let /, g denote the concave real functions on n^K such that 

K = {iy,t):yG tt.K, -g{y) < t < /(y)}. 

If X = {z,f{z)) G dK and x = {z,—g{z)) £ dK for a z G ■K^iiniK)^ and 
both / and g are differentiable at z, then 

= { -^^^^^ \ (12) 

/ -vg(^) -1 \ ^3^ 

1^v/i + IIV5WPVi + IIV5(^)|IV' 

From this, we deduce that for any G M", we have 



{y,t)-Wx = {-y-Vf{z) + t)-{v-Wx) 

{y,t)-ws: = {-y -Vgiz) -t) ■ {v ■ Wx) 

hxiwx) = (z, f{z)) • = {f){z) • {v • Wx) 

hxiwi)) = {z,-g{z)) ■ Wx = -{g){z) ■ {v ■ Wx) 



(14) 



Since for any u G M". the definitions of the cone volume measure and the 
surface area measure yields that 

( u ■ w \ f f u ■ Wx \ , 

f , / N dVK{w) = (p[ — — r hK{wx) dn{x), 

5n-i \hK[w)j Jqk \hK{Wx)J 

we deduce from ([T]) and (14) the following formula, which is Lemma 3.1 in 
|30j . We note that Lemma 3.1 in [30] assumes that r^^^K is thin, but only 
uses this property to ensure that the corresponding integral over r.y^K is 
zero. 

Lemma 9 (Lutwak, Yang, Zhang) Using the notation as above, ifT-LCE^^x) 
and {y,t) G M", then 
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We continue to use the notation of Leninia|9|and the condition T~L(^^^ x 
0. If {y,t), {y, -s) £ dU*^K for t > -s, then it foUows from (fTTl) that 

'{y,t) ■ w 



hxiw) 



dVK{w) + 



{y, -s) ■ w 



dVK{w] 



1. 



Therefore Q and Lemma g yield that for (y, ^(t + s)) e dSvIl*^K, we have 
'{y,^{t + s))-w^ 




li ip G C, a, f3 > 0, and a, 6 G M, then the convexity of (p yields that 

«^(^)+/3v'(^)>(« + /?)v'(^)- (18) 
If in addition a ■ b < 0, then we deduce from ip{0) = and ([T]) that 



Applying (|18|) in (|16|) and (|17|) shows that 

9? 



'(y,i(t + s))-u;^ 



dVs,K{w) < 1 



(19) 



(20) 



in (15). We conclude (y, ^{t + s)) G 11* 5^,-^' from ( [ll| , and in turn Lemmajs] 
in the case when ^{{E^^k) = 0. 

So far we have just copied the argument of E. Lutwak, D. Yang, G. 
Zhang [30] . We take a different route only for analyzing the equality case in 
Lemma 10, using (19) instead of (18) at an appropriate place. 

For a convex body K in M" and u G M"'\o, let and be the 

set of X G dK where all exterior unit normals have positive and negative, 
respectively, scalar product with u. In particular, if Eu^k is thin, then 

any x G E^^k lies in the closures of both and (21) 
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Lemma 10 Let ip e C , let K e /C", and let u,u e 511* K and v e S"" ^ such 
that u and u are independent, both r.u^K CLnd r.u^K cLf^ thin, v is parallel to 
u-u, and TiiE^^K) = 0. // V(Il* SvK) = V{U* K), then tt^Eu,k = t^v^u^k- 



Proof: Using the notation of (15) with u = {y, t) and u = (y, —s), we write 
w{z) and w{z) to denote an exterior unit normal vector to dK at (z, f{z)) 
and {z,g{z)), respectively, for any z £ 7rt,(inti^). Since we have equality in 



2m, it follows from (14), (15) and (19) that {u ■ w{z)) ■ {u ■ w{z)) > and 



{u ■ w{z)) ■ (n • w{z)) > for "H-almost all z E TT^{mtK). We conclude by 
continuity that if z £ {TTyintK) such that both z + f{z)v and z — g{z)v are 
smooth points of dK, then 

{u ■ w{z)) ■ (u • w{z)) > and (n • w{z)) ■ {u ■ w{z)) > 0. (22) 

For z £ 'iry{mtK), we call (z, f{z)) and {z, —g{z)) double smooth points 
if both of them are smooth points of dK, and they are called the twins of 
each other. We deduce that "^^-almost all points of dK are double smooth 
by n{E^,K) = 0. 

For an X G Eu^k, we may choose sequences {xn} C and {Un} C E~ ^ 



of double smooth points tending to x such that vr^Xn, 7r„y„ -k^Eu^k by (21 ) 
and HiEu^K) = 0. Let x„ and y„ be the twins of a;„ and y„, respectively, and 
hence the sequences {x^} and {yn} tend to the same y G dK, which readily 
satisfies vr^y = 7r„x. We have C and {yn\ C E^j^ by ( [22| . There- 
fore y £ Eu^K- We deduce ■nvEu,K C TTyEu,K, and in turn tt^Eu^k C tTvEu^k 
by an analogous argument. Q E D 

In our argument, we reduce the problem to convex bodies with axial rota- 
tional symmetry. Concerning their boundary structure, we use the following 
simple observation. 

Lemma 11 If K is a convex body in M*^ such that the line I is an axis of 
rotational symmetry, and the line Iq intersects dK in a segment, then either 
Iq is parallel to I, or Iq intersects I. 

Proof: For any x £ K, we write q{x) to denote the radius of the section of 
K by the hyperplane passing through x and orthogonal to /, where q{x) = 
if the section is just the point x. 

Let Zq intersect dK in the segment [p,q\, and let m be the midpoint 
of \p,q]. We write p' ,q',m' to denote the orthogonal projections of p,q,m 
respectively, onto /. It follows that 

Q{m) > l{g{p) + g[q))=^^{\\p-p'\\ + \\q-q'\\) 
> \\-^{P - P') + hiQ - = Witt- - ''TT-'W- 
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Since m G dK, we have g{m) = \\m — m'\\, and hence the equahty case of 
the triangle inequahty yields that p — p' and q — q' are parallel. Therefore I 
and Iq are contained in a two-dimensional affine subspace. Q E D 

Proof of Theorem^' It is equivalent to show that we have strict inequality 
in the Orlicz-Petty projection inequality if K is not an ellipsoid. Let us 
assume this, and that K is in isotropic position. It is sufficient to prove that 
exist a unit vector v, and a convex body M with V{M) = 1 such that 

V{%K) < Vi%M) < V{%S,M). 

The idea is to reduce the problem to bodies with axial rotational symmetry 
because in this way we will have two shadow boundaries that are contained 
in some hyperplanes. 

Since K is not a ball of center o, hx is not constant, thus we may assume 
that for some p G S^~^, we have 



hK{p)'^LBn Lk = / [p- x)^ dx. 

Jk 



It follows from (ii) in Section [T] that we may assume that the supporting 
hyperplanes with exterior normals p and —p intersect K in one point. 

Let Ki be the Schwarz rounding of K with respect to Mp. In particular 
V{Ki) = V{K) = 1, hxiip) = hxip) and Fubini's theorem yields 



[p, x) dx 

Ki 



/ {p ■ xf dx / (pfLsn 
Jk 



Therefore Ki is not an ellipsoid according to (10), and the supporting hy- 
perplanes with exterior normals p and —p intersect Ki in one point. In 
particular if g G 5"^^ n p-^, then Eq^Ki = H dKi is thin. We fix a 
q G 5"~^ Hp-^. Since Ki is not an ellipsoid, '^q,Ki is not the relative bound- 
ary of some (n — l)-ellipsoid. 

Case 1 '^p^Ki is thin 

In this case, '^p^Ki is the relative boundary of some (n — l)-ball. Choose 
ti,si > such that ui = tip G dlLKi and ui = siq G dUKi, and let 



vi = {ui — ui). It follows from Lemma 11 that H^^^i^^ contains at most two 



segments parallel to vi, and hence its ^-measure is zero. We have already 



seen that Eu^^^Ki = '^q,Ki is thin, therefore we may apply Lemma 10 to ui, 



ui, vi. Since tTvi'^ui,Ki is the relative boundary of some (n — l)-ellipsoid, 



and TTv-^Eu-^^K-^ is not, we deduce from Lemma 10 that 



V{U*K) < V{n*Ki) < V{U*S^,Ki). 
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Case 2 '^p^Ki is not thin 

For some g,a > 0, there exists a segment of length a parahel to p such that 
Sp^Xi is the Minkowski sum of the segment and the relative boundary of the 
(n — l)-ball of radius g centered at o in p-*-. Let K2 be the Schwarz rounding 
of Ki with respect to Mg, and hence '^p,K2 and '^q,K2 a-re both thin. 
For T > 0, let 

Hg{T) = {x G M" : x-q = g-r}. 

If r G (0, g), then 

n{Hg{T) n K2) = niHgir) n Ki) > a^K„_2 • r— . 

n— 1 

If K2 were an ellipsoid, then 'H{Hq{T) n i^2) < 7 • for r G (0, g) and 
7 > depending on K2., therefore K2 is not an ellipsoid. Now we choose 
t2,S2 > such that U2 = t2q G dJIK2 and U2 = S2P G dIlK2, and let 
U2 = {u2 — U2)/\\u2 — U2\\- An argument as above using Lemma 10 yields 

v{u*K) < y(n*i^i) < v{u*K2) < viu*s,,K2). q ^ ^ 
3 Proof of Theorem [4] 

The proof is a delicate analysis of the argument of Theorem [Sj For example, 
we need a stability version of (19). 



Lemma 12 // G C, a,f3,u} > 0, and a,6 G M sitc/i that a ■ b < 0, and 
— , ^ > w, then 

(^) + (?) - (« + (^) > • i^i-^) + ^M)- (23) 



Proof: We write to denote the left hand side of (23). If /i > 1 and t G M, 
then the convexity of ip and ^p{0) = yield 

(/.(/xt) >^-V9(t). (24) 

We may assume that a > — 6 > 0. In particular < < ^, and we 
deduce from (24) the estimate 

f a + b\ a(a + 6) /a 
\a + (3 J a(a + /3) \a 
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It follows from this inequality and ( |24[ ) that 

^ /a\ ^ f b\ a(a + b) /a 



Q.E.D. 



We also need the following stability version of (11). 



Lemma 13 There exist 70, "^/o > depending on n and ip ^ C such that if 
r] £ [0,??o); x G M" and K is an o-symmetric convex body, then 

f / X ' w \ 

/ V , . ^ dVKiw) <l-r] yields x e (1 - 70 • ??) Il*K. 

Jsn^l \hK[w)J ^ 

Proof: It follows from the linear invariance Q of the polar Orlicz projection 
body and from John's theorem (see F. John |22j ) that we may assume 

Thus Lemma 2.2 by E. Lutwak, D. Yang, G. Zhang [30] yields n*K C 
2c<^-y/ni?" where > is defined by max{(/?(— c<^), (/3(c^)} = 1. Let y G 
n*if be such that x = Ay for A > 0, and hence if G then 

— — - < 2c^^Jn. 
hKiw) 

We deduce for e G (0,^), 71 = max{(/3'(2c^\/n), — 2C(p\/n)} and t G 
[— 2c<^-y/n, 2c^y/n\ from the convexity of (p and (nl) that 



ip{{l - e)t) > (f{t) - 7oe • \t\ > (p{t) - 2c^^/n ■ jqe. 



For 72 = 2cip^/n -71, it follows from (11) that 



Therefore we may choose 70 = I/72 • Q E D 

An essential tool to prove Theorem [3] was the reduction to convex bodies 
with axial rotational symmetry such that the shadow boundaries in the 
directions parallel and orthogonal to the axis are thin. The core of the 
argument for Theorem |4] is a stability version Theorem 14 of this reduction. 



To state Theorem|14[ we use the following terminology. We say that a convex 
body K in spins around a u £ S^~^, if K is o-symmetric, u G dK, the 
axis of rotation of K is Mu, and K n n-*- = n n-*-. 



14 



Theorem 14 Let K be a convex body in M", n > 3, such that S^MiK, i?") > 
6 G (0, (5o), where do > depends on n. Then there exist e G (5^^,(5] and a 
convex body K' spinning around an ^ 5""^, such that K' is obtained from 
K by a combination of Steiner symmetrizations, linear transformations and 
taking limits, and satisfies 6bm{K',B^) < e, and 

(i) for any o-symmetric ellipsoid E with axial rotational symmetry around 

Mu, one finds a ball x + B"- C mt(EAK') where |x • u| < 1 — e^; 

(ii) (1 - e32)n + e^v K' for v G 5"^^ n ; 
(Hi) e^u + {l- e^)v K' for v £ S"""^ n . 

The proof of Theorem 14 being rather technical, is deferred to Section[5] 
As 5bm{K,B"') < Inn, Theorem |4] is equivalent to the following state- 
ment. For if eC, ii K e IC;^ with 6bm{K, B"") > 6 e (0, 6^), then 

< (1 - 7 • S^''- ■ ^{6''')) 4^ (25) 

where 5*, 7 > depend on n and ip. In the following the implied constants 
in O(-) depend on n and 

We always assume that 5^, in (25), and hence 5 and e, as well, are small 
enough to make the argument work. In particular, 6^: < 6q where 60 > 
is the constant depending n and of Theorem 14 It follows from the 
continuity of the polar Orlicz projection body that we may also assume 
the following. If M is a convex body spinning around a u G S"'~^, and 
5BM(Af,S") < 6^, then 

0.9 B'' CM C 1.1 B'' and 0.9n* 5" C H* M C I.IH* B". (26) 

Let M=K and u^, be orthogonal unit vectors in M", and let K G /C" with 



5bm{K,B'^) > (5 G (0,5^,). According to Theorem [l4| there exist e G {5'^^,S\ 
and a convex body K' spinning around with 5b,m{K',B'^) < e and ob- 
tained from by a combination of Steiner symmetrizations, linear trans- 
formations and taking limits such that 

(i) for any o-symmetric ellipsoid E with axial rotational symmetry around 

Mm*, one finds a bah x + B"- C 'uii{El^K') where |x • m=i,| < 1 — e^; 

(ii) (1 - £32)^^ + £3^^ ^ 

(iii) + (1 - e^)u* ^ K' . 
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We have V{K') = V{K), and Lemma g yields that V{U*^K') > V{n*^K). 

We deduce that if ii' is a smooth and strictly convex body spinning 
around n* sufficiently close to K' , then 

(a) for any o-symmetric ellipsoid E with axial rotational symmetry around 

Mn*, one finds a ball x + B"- C mt{EAK) where |a; • -u*! < 1 — e^; 

(b) (1 - e^^)u^ + K; 

(c) e^u^ + {l-e'^)u^ K; 

(d) ^>(l-e3-^(e-)).^; 

(e) 6bm{K,B") <6.. 
We define v £ 5"""^ by 



for some A* > 0. It follows from (e) and (26) that 

1 0.9 1.1 

-< , <vu^< , < — . 27 

2 VO.92 + 1.12 - - VO.92 + 1.12 2 ^ ^ 

We plan to apply Steiner symmerization to K with respect to v^, and show 
that the volume of the polar projection body increases substantially. We 
consider as M"""^, and set 

For X C f"*", the interior of X with respect to the subspace topology of 
is denoted by relintX. 

Let q be the unit vector in the line linju*, «*} n satisfying q ■ u^, < 
(see Figure 1). We observe that H = Ci B^ and H- = r\ K, 
moreover 

= 7r^(n;^n5"), 

are o-symmetric, and have as their axis of rotation inside v^. We define 
9 > hy 9q £ and the linear transform ^ : ^ v-^ hy ^{9q) = q, and 

^(y) = y for y G v^Du^. Thus 9 £ (g, ^) by (27). Since ^K^ is congruent 



16 



Figure 1: 



to n K, (a) yields an (n - l)-ball z' + e^^"-! c relint A$(is:^ 
where < z' ■ q < 1 — e'^ . We define z=k = <I>^^z', and hence 



z^ + '-j B"-^ C relint E^AK^ 



(28) 



Since n u;;^ n ii^* = u"*" n u;;!" Pi , we also deduce that 

eV2 <z^-q<6- {e^/2). (29) 
We write Wx to denote the exterior unit normal at an x G dK, and define 



{x G dK : V ■ Wx > and (7 • x > 0}; 
{x G : t; • < and q ■ x > 0}. 



It follows from (29) that 



(30) 



If z = VTtij; = TTyX G + ^ i?" ^ for suitable x G i^^ and x G K , then 
z + ^ -B"-i C TTyK+, TT„K' by (|3o[. We deduce from K C LIS" (compare 
(26)) that • V, \wx • f I > £^/8, and hence (14) and (26) yield 

0.9 < (/)(z), {g)iz) < 9e-2 fo^ z G + ^ B^-\ (31) 
Lemma 15 // tt^x = vr^x G 2;=,, + ^ i?""-*^ for x G i^"*" and x G i^", i/ien 
• Wx\, \u* ■ Wx\ > e'^^/2 and {u^, ■ Wx) ■ ("u* • Wx) < 0. 
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Proof: Since is a smooth and strictly convex body, and has 
axis of rotation, we have 



as its 



{x £ dK : x-u^ > 0}; 
{x e dK : X • > 0}. 



It follows from x G and H = Cl S"" ^ that 

"U* • > if and only if tt^^x G relint Hviu^ H B^) = relint E^,, 
and from x G that 

u* ■ Wx > if and only if vr^x G relint VTt, (tt;^ n i^) = relint i^*. 



We deduce from (|28|), (|32j) and (|33|) that 

(u* ■ Wx) ■ (u* ■ Wx) < 0. 



(32) 



(33) 



(34) 



To have a lower estimate on \u^: ■ Ux\, we observe that combining (28) 
with > 2e'^ and the fact that vr^ does not inrease distance yields 

x^iu^n dK) + 2e35". 

Thus, we conclude from (c) that ||7rM,x|| <! — £''. It follows that (vr^.x) + 
^ i?" C K, and hence is an exterior normal also to the convex hull of 
this ball and x at x. As • x| < 1, we deduce that 

\u* ■ Wx\ > e"^ /2. (35) 



Finally we consider ■ Wx\- Using again ( 28 ) , we have 



3 Tjn 



x^iutn dK) + 2e-'B 



(36) 



In particular ||x — > 2e^ and ||x — (— "U*)]] > 2e^, and hence (b) implies 
that |x • < 1 — e^^. As K spins around u*, we deduce from (36) that 

32 ' — ' 

{t^u^x) + ^ -B" C K. Thus Wx is an exterior normal also to the convex hull 
of this ball and x at x, and hence lit,,, • x| < 1 yields that 



■Wx\> e 12 



Therefore Lemma 
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is a consequence of (34), (35) and (37). 



(37) 
Q.E.D. 
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We continue with the proof of Theorem [4} We use the notation of 
Lemma [oj In particular we write {z,t) to denote z + tv for z G W^~^ = 
and t G M, and / and g to denote the concave functions on tt^K such that 
for z E rehntvr^i^, we have f{z) > —g{z), and {z,f{z)), {z, —g{z)) G dK. 

We write 71,72, .. . to denote positive constants depending on n and if, 
and we define 



y* 



-7r„ 



a G S"*"-^ : a-v>0 and vr^, (£'5^n*i?(") ' ") ^ + e^^-B"""^} • 



(38) 



As O.gn^S" C 5„n*i^ C Lin;^" by (e) and ([26|), we have 

?^(^) >7ie33{'^-^). 
Let 

and let (y, t), (y, -s) G 911*^ where -s < t, and hence {y, ^) G 55^,11*^. 
We define 



u 



u 



a 



iy,t) 
WivM 
iy,-s) 



2 ' 



G 



It follows from 0.9n*B" C n*i^ C LIH* that 

II II II - ~ II 33 

||m — u^kII, ||m — < 72^ . 

Choose J* small enough such that 726^^ < We deduce from Lemma 

that if 

z = TTvX = iTjjX G + (e^/4) S""^ 
for X G and 5; G i^^, then 

|m • it;^!, lu • tL'il > and {u ■ Wx) ■ {u ■ w^) < 0. 
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Using now 0.9n*S" C U*^K C l.in*5" and (14), we deduce 

\t-yVf{z)\,\s-yVg{z)\>-f3e^^ and {t-yVf{z))-{s-yVg{z))<0. 

(39) 
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It follows from (31) and (39) that we may apply Lemma 12 with 



a = t-y- Vf{z), b = s-y- Vc/(z), a = {f){z) and f3 = {g){z). 



We may choose w = e^^ in Lemma n2^ by 73e3^/9 > (m| and (p9|, and 

s-y- Vg{z) 



hence (39) yields that 
t-yVf{z 



TTvK 



{f){z)dz + 



1 



{9){z) 



{g){z)dz 



TTvK 



t , s _ yVfjz) _ yVgjz) 
2 2 2 2 



2 2 



Therefore (15) and (18) lead to 



dV^c < l-74e"'^(e''). (40) 



S^K 



We conclude first applying Lemma 13, then the consequence 0.9n*i?"' C 
SyW^K C l.m* 5" of (S that iiw then 



Since ^>_g j-j, ^(ty) < Qjj* g for any w ^ S"^ ^ by Lemma 

([8]) and ^ leads to 



combining 



< (1-78 ^^^"-^^(e'')) • V{%S,K). 
We conclude from (d) and Theorem [2] that 



V{K) 



V{K) 



< (l-79e''W'))) 



which, in turn, yields (25) by e > 5 
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Q.E.D. 
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4 Proof of Theorem [6] 



Naturally, we need again a suitable stability version of (18). 



Lemma 16 Let ip £ C be even such that (p"{t) is continuous and positive 
for t > 0. If a, b,a, PjUJ > satisfy u} < ^, ^ < , then 

^ min{v?"(t) : t G (a;,a;-i)} • min{a^/32} fa 



2(a + /3) \a {5 

Proof: The Taylor formula around yields the estimate. Q E D 

Given Theorem |4j what we need to consider are translates of a convex 
body that is close to the unit ball. 

Lemma 17 Let ip €z C be even such that ip"{t) is continuous and positive 
for t > 0. There exist £o,j > depending on n and ip such that if\\0\\ > e^^^ 
and B"" C K -9 C {1 + e)B" for K e)C^, ee (0, Eq) and B G M*^, then 

v{uiK) 3^y(n;i?«) 



< (1-7^^) 



V{K) ' ' ' Y{B'^) ■ 

Proof: We write a to denote the reflection through 9^. Possibly after ap- 
plying Schwarz rounding with respect to v = 9/\\9\\ (compare Lemma [S]), 
we may assume that Mv is the axis of rotation of K. It follows that H^K 
also has Mv as its axis of rotation. Since ip is even, we deduce that H* is 
o-symmetric, therefore H* is symmetric with respect to a. We may also 
assume that K is smooth, and we write Wx to denote the unique exterior 
unit normal at x G dK. 

We write 71,72, •• • to denote positive constants depending on n and (p. 
In addition the implied constant in O(-) depends also only on n and ip. As 
K C 35", Lemma 2.2 by E. Lutwak, D. Yang, G. Zhang [30] yields 

%K C 7ii?". (41) 

Since H* is o-symmetric and H* ii' C 7i5", there exists 72 > depending 
on n and such that if hji*^K{u) < 72 for some u G 5""^, then y(n^K) < 
^ V{Il^B"'). In particular. Lemma 17 readily holds in this case. Therefore 
we may assume 

72 C U*K. (42) 
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We set M"^-*^ = v-^ and B"'^^ = v-^ D B"- , and write the point y + tv of 
M" with y G W"-^^ and f G M in the form {y,t). In addition, let f,g be the 
concave functions on tt^K satisfying 



K = {{y, t): y£ tt,K and - g{y) < t < f{y)}. 



We consider 



3 f>n—l\ 1 nn— 1 

" ~ 5 \2 " 

^ = {(y,t)/||(y,t)||G5""i 
It foUows that 



y G 522 ^n-i and t > and (y, t) E ^n^isT}. 



^('f) > 73- 



(43) 



For y G ^n-i z G H, let t > such that {y, t) G dU*^K, and 



hence (y, -t) G (911* K by (7(11* ET) = U* K. We plan to apply Lemma 



with 
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t-y Vfiz), b = t-y Vgiz), a = {f){z) and /3 = {g){z). (44) 



Let x,x G SX, and let x',x' G 5(0 + i?") be defined in a way such that 
7r„x = 7r„5; = 7r„x' = 7r,',x' = z, {x — x) ■ v > Q and (x' — x') • f > 0. We 



observe that (j{x' 
4 



tt'^x' 
) =x' 



< V ■ {x — 9) = —V ■ {x' 



6. The condition z G H yields that 



< Y < 0.9. 



(45) 



Since v encloses angles at most 74 = arcsin | with both {y, t) and x' — 9, 
and cos 274 



we deduce from (|41l) and (|42l) that 



25' 
772 
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< (y,i)-(^' 



(y, -i) • (*' 



< 71. 



(46) 



To compare x' — 9 and ifx, we observe that the tangent planes to 9 + i?" 
at both x' and + tj;^ separate x and + B"^. Since ||x — 0|| < 1 + e, 
such points on + 5*^"^ are contained in a cap cut off by a hyperplane of 
distance at least (1 + e)^^ from 9, and the diameter of the cap is at most 
2y/l - (1 + e)-2 < 4e5. Therefore 



< 4e2 and - (x' - 6')|| < 4e2 . 



We deduce by ([ij, (l44j), (|4§ and (l47j) that 

« = (l + 0(a)).^^44^^^: 



hK{Wx] 



(47) 

(48) 
(49) 
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We have 9-w + l < hxiw) ^ 9-w + l + e ioi any w £ S"" ^, and \\6\\ < 1 + e 
by o G inti^. Therefore (45), (47) and the condition \\6\\ > e^^^ yields 

1 + I e^/^ < hK{wx) < 1.9 and 0.1 < hK{wi) < 1 - f e^^^ (50) 



provided that eo > is suitably small. We deduce from (46), (48), ( |49| ) and 
(50) that there exist ^,75 > depending on n and ip such that 

a 



6 _ _ 

13 a 
a 

CO < — < -7: < UJ 

a p 



-1 



In addition, (|14j), (|45j), (|47j) and (jSOj) yield that 

76 < a,/3 < 77. 
We conclude from Lemma [16] the estimate 



{9){z) 



(51) 
(52) 

(53) 

{g){z)dz 



TTvK 



Since (|54|) holds for any z G H, and 5i,n*K = n*K, we deduce from (15) 

{y,t) -w' 



and (18) that 



dVs,K{w) < 1 - 7953. 



(55) 



Now we have (55) for all y £ ^ B"' ^, and hence 

2 

eu*Kiu) < (1 - 710^3 )£'n*s„A'(M) 



for u G ^' C 5" ^ according to Lemma 13, where Hl"^) > 73 by ( |43[ ). There- 
fore combining Lemma jsj (8), (41) and (42) yields Lemma jlTj Q E D 

Theorem [6] is equivalent to the following statement. For ip £ C, there 
exist ryo, 7 > depending only on n and ip such that if G JC^, rj G (0, r/o), 
and 

K [1 + rj)E for any o-symmetric ellipsoid E C K, (56) 
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then 



ViK) 



< 



(57) 



If 6BMiK,B'^) > r/Vl08, then Theorem [i] yields ([ST]). Therefore we 



assume that 6BMiK,B'') < r/'^/108. In particular, we may assume that 
9 + B"' C K for some 6 £ " ' 

It follows that 



and K is contained in a ball of radius 1 + g^. 



We deduce from (|56|) that 



B'' C K ce + 



1 + 2- 



5" 



we may apply Lemma 1 171 with e 
of dSTl). 
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> l+T], and hence ||0|| > 77/8. Therefore 

3 

2^, which, in turn, completes the proof 

Q.E.D. 



Class reduction based on Steiner symmetriza- 
tion 



In this section, we prove Theorem 14, We fix a u G 5"""^ and a w G S"'~^r\u-^. 
Recall that a convex body K in M" spins around u, if K is o-symmetric, 
u £ the axis of rotation of K is Mu, and -RTlu-*" = B"^^\u-^. In this case, 
we call ±u the poles of K, and c^i^Triit"'" C the equator of K. We show 
that to have a stability version of the Orlicz-Petty projection inequality, we 
may assume that K is an o-symmetric convex body with axial rotational 
symmetry such that the boundary sufficiently bends near the equator and 
the poles. 



We prepare the proof of Theorem 14 by a series of Lemmas. First of all. 



one may assume that K is an o-symmetric convex body with axial rotational 
symmetry because of the following. 



Lemma 18 For any n > 2 there exists 7 > depending only on n, such 
that if K is a convex body in M" such that 5-qm{K, B^) > e G (0, 1), then one 
can find an o-symmetric convex body C with axial rotational symmetry and 
6bm{C, B"^) = 7^^ that is obtained from K using Steiner symmetrizations, 
linear transformations and taking limits. 

Remark: If K is o-symmetric, then 5bm{C, B"^) = 75 is possible. 

Proof: According to Theorem 1.4 in ^ there is an o-symmetric convex body 

C with axial rotational symmetry that is obtained from K using Steiner 
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symmetrizations, linear transformations and taking limits, and that satisfies 
^BuiCo, B^) > 7e^. We note that in Theorem 1.4, it is stated that affine 
transformations are needed. But translations are only used to translate K 
at the beginning by —ax where ax is the centroid of K. If we perform all 
Steiner symmetrizations in the proof of Theorem 1.4 in [6] through the same 
hyperplanes containing the origin, then even without the translation at the 
beginning, the final convex body Co will be o-symmetric. 

We may assume that (5bm(C'o, -B") > 76^, otherwise we are done. Since 
some sequence of Steiner symmetrizations subsequently applied to Cq con- 
verges to a Euclidean ball Bq of volume V{Co), there is a sequence {Cm}, 
m = 0,1,2,... of o-symmetric convex bodies tending to Bq such that Cm, 
m > 0, is a Schwarz rounding of Cm-i with respect to some Wm £ S""^. In 
particular, there is m > such that SBuiCm, B"-) > and SBuiCm+i, B^) < 

For w & ^,let M^, be the Schwarz rounding of Cm with respect to Mw, 
and hence (5BM(Afioj -B") is a continuous function of w. Since Cm = 
and Cm+i = -^lu^+i, there is a t(; G S""^ with 5bm(^-!«, -B") = 7^^- 

If K is o-symmetric, then Theorem 1.4 in [6] states that (5bm(Co, -B") > 
76, and hence the argument above gives S-bm{C^ B") = 76. Q E D 

In order to obtain a stability version of the Orlicz-Petty projection in- 
equality for an o-symmetric convex body K with axial rotational symmetry, 
it is hard to deal with K if it is close to be flat at the poles, or close to be 
ruled near the equator. In these cases, we apply an extra Schwarz rounding. 



The precise statements are the subjects of Lemma [19] and Proposition [23 
For w G and t G M, let 

H{w,t) = tw + w^. 

The next observation considers the shape of a convex body with axial rota- 
tional symmetry near the equator. 



Lemma 19 There exist ti,T2,T3 > depending on n with the following 
properties. If t € (0,ti), the convex body K in spins around u, and 

T2\ftu+ {l-t)v G K, 

then 6bm{K' , B"') > r^t for the Schwarz rounding K' of K around Mv. 

Proof: We write 71,72, •• • to denote positive constants depending only on 
n. Let E d K' he an o-symmetric ellipsoid with axial rotational symmetry 
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n-1 
2 



around Mv such that K' C XE where In A = dBuiK', B"), and let Eq be the 
o-symmetric elhpsoid with axial rotational symmetry around Mv such that 
V S OEq, and |i?o ^ w"*"! =2^. It follows from the normalization of K that 
E C -Eq- In addition for any s G (0, |), we have 

-/iVsu+il- s)v ^ {l + -f2s)Eo (58) 

for suitable 71 and 72. 

We observe that for any w ^ H S""^, we have 

T2Viu + {1 - 2t)v + Viw G 

as long as t < ^. Therefore 

1 - 2t) n K'\ = \H{v, 1 - 2t) n i^l > T2Kn-2t 

In particular 

{T2Hn-2)^Vtu + (1 - 2t)v G K'. 
I I 1 _ 

We conclude that, by (58), defining T2 by the equation {T2Hn~2) ""^ = 7iv2, 
we have 5bm{K' , B") > j22t. Q.E.D. 

Now we consider the shape of a convex body with axial rotational sym- 
metry near the poles. To test whether a convex body is "flat" near the poles, 
we will use the following statement. 

Lemma 20 There exist 6o,to,t G (0,1) depending on n with the following 
property. If 6 £ {0,So), t G (0,ro5), a convex body K with 5 = 5-bm{K-,B'^) 
spins around u, and an o-symmetric ellipsoid E with axial rotational sym- 
metry around Mn satisfies that EAK contains no ball of the form x -\- 1 B^ 
with \x ■ u\ < 1 — t, then 

(i) K(1{1+ Tt)E; 

(a) assuming \x ■ u\ < 1 — it, x £ dE implies {x + 3tB^) f] K ^ (/>, and 
X edK implies (x + 3iS") n ^ / 0; 

(Hi) 9t G dE where l + \5 <9 <1 + t5. 

Proof: We write 71 , 72 , • • • to denote positive constants depending only on 
n. 

For an x G M" with |x • m| < 1 — 4t, we may assume that x • u > 0. 
Let t; G li"*" such that x • v > and x G linju, u}. Since x + 3ti?" contains 
X — tu — tv + tB^, we deduce (ii) from the condition on E and K. 
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As K spins around u, and 5bm{K, S") = 6, we have 

(1/2)5" C (1 - 7i<5)5" CKC{1 + 72<5)5". 
This combined with (ii) imphes (i). In addition we deduce from (ii) that 

(1 - 73t)if c{xeE : \x-u\<l-7t} C{1 + -f4t)K, 
which in turn yields that if 9t € dE for 9 > 0, then 

5 = 5bm{K, 5") < In [(1 - 73t)-i . _ j^yi^^ ^ ^^^^j < ln0 + 75*. 
Therefore assuming t < (275) "^5, we have 9 > 1 + ^. QED 

Corollary 21 There exist 5q,tq G (0,1) depending on n with the following 
property. If 5 G {Q,5q), t G (0,ro5), a convex body K with 5 = 5bm{K,B^'') 
spins around u, and an o-symmetric ellipsoid E with axial rotational sym- 
metry around Mn satisfies that EAK contains no ball of the form x + t i?" 
with \x ■ u\ < 1 — t, then 

(1 - 7t)u + {V6/A)v G K. 



Proof: By Lemma 20 (iii), we have 9u G dE where 9 > 1 + h S. It follows 



that 



,,,,2 

^ 9^ ^ 1 + 5 



and hence 

w = {l- 4t)u + {V6/2)v G E. 
Thus, we obtain Corohary 21 from Lemma 20 (ii). QED 

If a convex body with axial rotational symmetry is " too flat" around the 
poles then we modify it in the following way. 

Lemma 22 If e £ (0,eo) for Eq G (0, 1) depending on n, and K is a convex 
body with 5bm{K^B^) = e spinning around u, then there exists a convex 
body K' that spins around u, and obtained from K by combining linear 
transformations and one Schwarz rounding, such that for any o-symmetric 
ellipsoid E with axial rotational symmetry around Mu, one finds a ball of 
the form x + 4e^ in EAK' where |x • u| < 1 — 4e^. 
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Proof: In the following the implied constants in O(-) depend only on n, and 
we write 71,72, .. . to denote positive constants depending only on n. We 
assume that Sq depends only on n and is small enough to make the argument 
below work. 

If for any o-symmetric ellipsoid E with axial rotational symmetry around 
M.U, one finds a ball of the form x+e^/^ i?" in EAK where |(a:-n)| < 1 — e^/^, 
then we are done. Therefore we assume that there exists an o-symmetric 
ellipsoid £'0 with axial rotational symmetry around Mu satisfying that EqAK 
contains no ball of the form x + e^/^ i?" with \x-u\ < 1 — e^/^. Let u be part 
of an orthonormal basis for M", let <I> be the diagonal matrix that maps Eq 
into B", and let Kq = <^K. 

By Lemma 20 (iii) applied to K and Eq, we have 9u G OEq where 
l-|-^e<6'<l-|-7ie, and hence 

(1 — s)u E dKo, where 4 e < s < 72 e. 



In addition Lemma 20 (i) and (ii) yield 



1 + 736^/2 I 



K C 

(x + Seis") nET ^ for all X G a£;o with Ix -til < 1 -4e3/2. 
Thus, we deduce that 

i^oC (1 + 73^^)5" (59) 
(x + 4et5") n A" / for all X G 5""^ with |x • u| < 1 - s - 4ei . (60) 
Since ^ e < s < 72 e implies 



> V2s -756, 



(61) 



l + 73e5j - [l-s-8e 
we deduce from (|60]) that 

(1 - s - 8e5)n + (^^/2s - 756^ t; G Kq. 
We plan to apply Schwarz rounding of Kq with respect to Mu' where 

u = Vl — s u + \/s V. 
It follows from = 1 - ^ s + 0(5^), g and (|6l[ that 

1 - ( I - V2) s - 76e5 < hKoiu) < 1 + -fse't (62) 
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Next let 

3 3 

£2/2 < p < 2e2, 

let w be of the form w = {1 — s)u + tv with w ■ u' = hxoiu') — p, and let 
z = (/li^g(n') — p)u' . In addition let g be the radius of 

G = H{u', hK.iu) - p) n (1 + 73e^)i?". 

As H{u' , hxaiu') — p) cuts of a cap of depth at most (| — \/2 + 0{e2)) ■ s 
from (1 + 736^)5'' by (|62[, and | - \/2 = i(\/2 - 1)2, we have 



g< (^(V2- l) + 0(e2)j ^. 
In addition for y = \/l — su' (collinear with w and (1 — s)u), we have 
||y-^|| > (V2-l-0(ei))s, 



therefore 



\w - z\\ = — \\y - z\\ > (\/2 - 1 - 0(e2 j ) vs. 

Now 1 — s) cuts of a cap of depth 

g-\\w- z\\ < 0{e^)^/s = 0{e) 
from G, and this cap contains H(u' , hxoiu') — p) Ci Kq. We deduce 

n-2 1 3(n-l) 

Let /Ci be the Schwarz rounding of Kq around Mu' , and let K' be the convex 
body spinning around u that is the image of Ki by a linear transformation 
that maps hKiiu')u' into u, and Ki n u'-^ into i?" Pi w^. Thus i^T' satisfies 

3 , 1 3(n-l) 

\H{u, 1 - £2) n K'\ < 0{ei)e^^. 

3 

We conclude that dBuiK' , B^) > 76^2 on the one hand, and 

{1 - e^)u + -f7e^(^ ■ eh ^ K' (63) 

on the other hand. 
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Next we suppose that there exists some o-symmetric elHpsoid E with 
axial rotational symmetry around Mu, such that no ball of the form x + 



4e'^B'^ with I X ■ u\ < 1 — is contained in EAK' . By Lemma 21 and 
feM(-^',^") > 76^2, we have 

(1 - 28e'^)u + 7863 V G K' . (64) 



If eo is small enough, then (|63|) contradicts (|64|), completing the proof of 
Lemma 
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Q.E.D. 



Next, strengthening Lemma 22, we are even more specific about the 
shape of the o-symmetric convex body with axial rotational symmetry near 
the poles. 

Proposition 23 If e £ (0, eo) for eq G (0, 1) depending on n, and K is a 
convex body spinning around u such that 5BMiK,B"') = e, then there exists 
a convex body K' that spins around u, and obtained from K by combining 
linear transformations and two Schwarz roundings, such that 

(i) for any o-symmetric ellipsoid E with axial rotational symmetry around 

Mn, one finds a ball x + le^ i?" C E/\K' where |x • n| < 1 — 2e^; 

(ii) {I - e^'^)u + e^v ^ K' . 

Proof: In the following the implied constants in O(-) depend only on 
n. We assume that eo depends only on n and is small enough to make the 
argument below work. 



According to Lemma 22 , there exists a convex body Kq that spins around 
u, and obtained from K by combining linear transformations and a Schwarz 
rounding, such that for any o-symmetric ellipsoid E with axial rotational 
symmetry around Mtt and E r\u^ = n u"*" , one finds a ball of the form 
X + 2e'^ W in E/\Kq where \x-u\<l- Ae^ . If (1 - e^^)^^ + ^ ^-^en 
we may take K' = Kq. Therefore we assume that 

(1 - e^2)ii + e^v £ Kq. (65) 

To obtain K' , first we apply Schwarz rounding around Mn' for the unit vector 



u = y/l — e^'^u + e^^ V 

to get a convex body K. Then we set K' = where $ is a linear transform 
that maps hj^{u)u = /iXo('S)ti into tt, and K r\u^ into i?" H . 
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Since dBuiKo, B"^) < e, we have 

Kq,Kci {l + 0{e))B" 



It follows from (65) and (66) that 



l<hK^{u) = hi^{u)<l + 0{e). 



(66) 



(67) 



For any s E (0, 1), let r(s) and f{s) be the radii of K n H{u^ s) and K n 
H{u,s), respectively. We claim that 

f (s) = r{s) + O(ei^) if s < 1 - Ae"^. 

For a fixed s G (0, 1 — 4e^], let si < S2 such that 

[Sl, S2]u = TTUu [Ko n H{u, s)] . 

Since C + Mn, it fohows that 



2e^^ < Sl < S2 < s + 2e^^ 



(69) 



Since 1 — s > 4e^ and u G i^o, we deduce 



r(s) + 0(e^^) for any zGdKoD H{u, s) 



\z — su\ 



which in turn yields ( |68| ). 

Now let E be any o-symmetric ellipsoid having Ru as an axis of rotation. 
For some orthogonal linear transform $^ that maps u into u, we consider 
the o-symmetric ellipsoid = having again Mn as an axis of 

rotation. We know that there exists x* such that +4e^i?" C KqAE^: and 
• n < 1 — 4e^. It follows from (68) that for x = <I>=kX=k and E = ^^^E^,, we 
have X + 3e^ C KAE and x • n < 1 — 4e^. We conclude using (67) and (68) 
that X + 2e2 5" c SAi^' and I X ■ u\ < 1 — 2e^ for x = <I>x, verifying (i). 

To prove (ii), let 

e^^/A <p< 4e32_ 

If tu G H{u, Kkq (n) — p) nint for t > then H{u, {u) —p) cuts of a cap 
of depth at most p/e^^ < Ae^^ from H{u, t) n Kq, and hence H{u, hxaiu) — 
p) n i^o n H{u, t) is an (n - 2)-ban of radius at most O(e^). As Kq C 25", 
we deduce that 



H{u,hKo{u) -p)nK = \H{u,hKo{u) - p) n Ko\ = 0{e' 



^(r^-2)^ 



0(e 



4(n-l)^ 
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thus for u G 5" ^ n U"*" , we have 

{hKo{u) - p)u + -fe'^v K, 



where 7 > depends on n. We conclude using again (67) and (68) that 



(1 - q)u + K' for any q £ le^"^), 

which in turn yields (ii). 



Q.E.D. 



Finally, we are in a position to prove Theorem 14 



Proof of Theorem 14- We assume that 5o (and hence (5, as well) is small 
enough to make the estimates below work. We write 71,72,. . . to denote 
positive constants depending only on n. 

According to Lemma 18 and Proposition 23, there exists a convex body 
Ki spinning around u and obtained from by a combination of Steiner 
symmetrizations, linear transformations and taking limits, such that for 
some rj £ (5^, 5], we have 5bm{Ki, B^) < t], and 

(a) for any o-symmetric ellipsoid E with axial rotational symmetry around 

Mu, one finds a ball x + 2r/^ C EAKi where \x ■ u\ < 1 — 2rf'; 

(b) {l-rf-'^)u + rr'v ^ Ki. 
In particular 



If 



5'^ + {l-5'^)v<^Ki, 
then we simply take e = rj and K' = Ki. If 

then let K2 be the Schwarz rounding of Ki around Ru, and hence 6-qm{K2, B^) > 
l2ff by Lemma 19 For e = 6-bm{K2^ B^), we have 

S^'' <6BM{K2,B^) = e<6. 

Since Ki C (1 + 72e)-B" and Ki spins around n, if t G (0,e), then 



\KinH{v,l-t)\ < 736^/^ B'^nu^ nH{v,i-t) 
\H{v,t)nKi\ < (1 -75t^)|i/(t;,0) ni^i|. 



< 74e ' t 
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Using that 2(li-i) > j for n > 3, we have 



(1 -77t^)u + tt; K2. 

We transform into a convex body -fC' spinning around n by a hnear 
map, which sends v into u, and H into u"*" H -B". We deduce that if 
t £ (0,e/2), then 



(1 -t)n + 78e2("-i)tV4^ ^/ 
tn + (l-79t^)v K'. 



(70) 
(71) 



In (71), we choose t such that = 79^^, and hence 

e^u + {l-e'^)v ^ K'. 



We also deduce by substituting t > with = 78e2(n-i) ^1/4 ( |70[ ) that 

(l-e^2)^^£3^ ^^/^ 

Finally suppose that for some o-symmetric ellipsoid E with axial rotational 
symmetry around Mm, there is no ball of the form x + 2e^ in EAK' where 
\x ■ u\ < 1 — 2e^. It follows from Corollary 21 that 

1/2^ 



(1 - Ue^) u + jioe^'^ V ^ K' . 



(72) 



If 6q is small enough, then substituting t = 14e in (70) contradicts (72). 



Therefore K' satisfies all requirements of Theorem 
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Q.E.D. 
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